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ABSTRACT A integrated fault tolerant control design with adaptive fault estimation algorithm is proposed
in this paper, which is used for the nonlinear system with saturation. Firstly, the fault model with actuator
and sensor faults is built for the nonlinear systemwith saturation, to simplify the controller design procedure,
taking the output tracking error as the augmented state, and the extended systemmodel is obtained. Secondly,
the fault tolerant control with adaptive estimation law is proposed, in order to solve the constraints caused
by saturation in the controller design, the design algorithm through convex group description is presented,
meanwhile, the robust control index is introduced in the controller design, and the controller calculating
principle is given through linear matrix inequality(LMI). Finally, a flight numerical example is proposed to
demonstrate the effectiveness of the method presented in this paper.

INDEX TERMS Fault tolerant control, adaptive, integrated, saturation, LMI.

I. INTRODUCTION
The saturation is common in the actual system, which is
the common nonlinear feature in the field of engineering
control system, for example, the deflection Angle of airplane
rudder is limited in the fixed amplitude. If the characteristic of
actuator saturation is ignored in the controller design, which
may bring declination of system, and even make the system
instability and cause serious results. For example, if the satu-
ration of actuator angle is ignored in the flight control design,
the airplane may deviate from the scheduled flight trajectory
and can not be controlled. Especially, the saturation should
be considered in the fault tolerant control design, the main
reason is that, the actuator will reach the saturation under fault
in advance, for example, when the structure damage occur in
the actuator, the deflection angle will reach to the saturation
region in advance, if no measures is taken, the airplane will
be out of control, and cause flight accident. So the research of
fault tolerant control with actuator saturation is very impor-
tant in the theoretical and practical field.

There are lots of research results on the fault tolerant
control with actuator saturation [1], [2], [3], [4], [5], [6]. The
measures to the saturation contains two aspects in common.
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one is that the saturation constraint is not considered when
designing the controller first, and then the compensator is
added in the controller to maintain the control performance.
The other is that the saturation constraint is considered in
the controller design, some measures are taken to make the
control input in the saturation range, and this will make the
actuator avoid saturation. The advantage of the first method
is that when the actuator is out of saturation, the control
performance can be maintained, and the saturation occur,
the loss of performance can be cut down, the disadvantage
of this method the compensator can not change the control
performance of saturation, the system will be unstable. The
advantage of second method is that the characteristics of
saturation will not affect the control performance, and pro-
vide more space for controller design, of course there are
disadvantages as well, it is that the solved region of controller
is smaller, and can not guarantee the existence of controller,
so this method has certain conservatism. In comparison, the
second method has been more extensive, the reason is that
the spirit of compensation is to make the actuator avoid
saturation, so in this paper the second method of dealing with
saturation is adopted, which will be used in the designing the
fault tolerant control.

According to the different strategy of fault tolerant control,
the fault control strategy with saturation can be divided into
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two types, one is called as active fault tolerant control, and the
other is passive fault tolerant control. Compare with passive
fault tolerant control strategy [7], [8], the active fault tolerant
control has been applied more widely [9], [10], because the
fault information can be obtained on time, and it can be used
to deal with more faults types. Considering the active fault
tolerant strategy, the author has presented some paper about
the fault tolerant algorithms with sliding mode observer [11],
[12], [13], [14], but these algorithms are not suitable for
the nonlinear system with saturation, the main reasons are
follows. On one hand, the saturation may break the existence
condition of fault diagnosis observer, so the observer of sat-
urated nonlinear system is hard to design, On the other hand,
the input of fault tolerant control contain the fault diagnosis
item, and this will make the actuator reach the saturated
region, thus the satisfied control performance can not be
realized. In this paper, the fault estimation scheme combined
with adaptive law is proposed, and the integrated fault tolerant
algorithm is presented with adaptive law.

Besides, some new control methods are absorbed in
the fault tolerant control design, such as predictive con-
trol [15], [16], [17], [18], [19], [20], iterative learning
control [21], [22], [23], [24], robust control [25], [26].
Huiyuan Shi etal [15] provides a robust constrained model
predictive fault-tolerant control algorithm for a class of
industrial processes with uncertainties, interval time-varying
delay, unknown disturbances and partial actuator failures,
the control gain is given through linear matrix inequalities,
and satisfied fault tolerant control results can be obtained
through simulation results. Paper [20] proposes a linear
quadratic predictive fault-tolerant control (LQPFTC) scheme
for multi-phase batch processes with input time-delay and
actuator faults, and the tracking control results is realized.
Limin Wang etal [23] proposes a new stochastic composite
iterative learning control for batch processes with actuator
faults that happen with a certain kind of probability, and the
stability results of the control system is provided through LMI
conditions. Through analyzing the existing results, we can
find, whenmultiple faults occur in the system simultaneously,
if the methods proposed in the previous are used for fault
tolerant control, the fault estimation results will be inaccu-
rate, or the system outputs will not maintain stable, so these
methods are not suitable.

Motivated by the above discussion, in this paper, the inte-
grated fault tolerant control algorithm is proposed for the
nonlinear systemwith unknown disturbances, where the actu-
ator and sensor faults are considered simultaneously. Firstly,
the auxiliary state vector is introduced, and the original sys-
tem are transformed into the nonlinear system with only
actuator faults and unknown disturbances. Then the convex
composed items are used to described the saturated actuator
control input, and the adaptive mapping item with convex
composed items is proposed to estimate the unknown fault.
Thirdly, the fault tolerant control input with adaptive item is
presented, and the calculated algorithm for controller gain is
put forward through convex optimization method and linear

matrix inequality technique. Finally, a flight control example
are provided to illustrate the effectiveness of the algorithm
proposed in this paper. The main contributions of the present
work are as follows, (1) The actuator saturation is considered
in the fault tolerant control design, and the convex composed
method is proposed to deal with the saturation, (2) Actuator
and sensor faults are considered in the nonlinear system
with unknown disturbances, and the adaptive algorithm with
mapping item is added in the controller, (3) the linear matrix
inequality is provided to make the controller gain exist under
optimization problems. Comparing the idea proposed in this
paper with others, the main differences contain two points,
the convex groups description is introduced to explain sat-
uration, besides, multiple faults are considered in the fault
tolerant controller design, the extended system and linear
matrix inequalities are absorbed in the controller design.

The rest of the paper is organized as follows. Problems
formulation is given in Section II, some assumptions and
preliminaries for the nonlinear system with saturation are
given in advanced. In Section III, the integrated active fault
tolerant control algorithm is proposed for nonlinear system
with multiple faults and disturbances. Section IV provides
the calculated algorithm for the fault tolerant control gain.
An example is illustrated to demonstrate the effectiveness of
the proposedmethod in SectionV. SectionVI summarizes the
whole paper and some conclusions can be gotten. Throughout
this paper, R denotes the set of real numbers; the vector norm
∥α∥ is defined as ∥α∥ =

√
αTα, where α is a column vector.;

for any matrix A, ∥A∥ denotes the 2-norm
√
λmax(ATA),

λmax(A) denotes the maximum eigenvalue of a matrix A.

II. PROBLEM FORMULATION AND PRELIMINARIES
Consider a class of uncertain nonlinear system with multiple
faults, actuator saturated constraints and disturbances, are
described by the following equations,{

ẋ = Ax+ g(x, t) + BKsat(u) + Fξ (t)
y = Cx+ Df s(t)

(1)

where x ∈ Rn, u ∈ Rm, y ∈ Rp denote the state
variables, control inputs, and measured outputs. g(x, t) is
local Lipschitz nonlinear term, and satisfies the constraint
∥g(x1, t) − g(x2, t)∥ ≤ δ ∥x1 − x2∥ ,∀t ,where δ is Lipschitz
positive real scalar. sat(u) stand for the actuator satura-
tion function, and the detailed function is expressed as
sat(u) = [sat(u1), sat(u2), . . . , sat(um)]T , where sat(ui)
satisfies sat(ui) = sgn(ui) · min {σi, |ui|}, and σi represent
the upper bound of actuator saturation. The matrix K can be
expressed as K = diag {K1, . . . ,Km}, Ki stands for the con-
trol efficiency factor of actuator, and it satisfies the inequality
0 ≤ Ki ≤ 1. When the coefficient Ki satisfies the following
equation Ki = 0, and this means that the ith actuator is abso-
lutely useless. When the coefficient Ki satisfies the following
equation 0 < Ki < 1, and this means that ith actuator is partly
useless, meanwhile the coefficient Ki satisfy the inequality
Ki1 ≤ Ki ≤ Ki2, and that means that the coefficient Ki is
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bounded, the value of upper bound is Ki2 while the value
of lower bound is Ki1. When the coefficient Ki satisfies the
following equation Ki = 1, and this means that ith actuator is
normal. In this paper, the case that actuator is partly useless is
considered, and this means that the coefficient Ki satisfies the
formula 0 < Ki < 1. ξ (t) stands for bounded disturbances.
f s(t) means sensor faults.
Remark 1: In the actual engineering system, the actuator

and sensor faults exists, and the actuator will emerge satura-
tion, for example, in the flight control system, the actuators
and angular velocity sensor will break down, and the actuator
often operate in the limited amplitude. The sensor fault can be
described as the additional factor f s(t), and the actuator fault
can be described as the factor K . Besides, the nonlinearities
and disturbances are always contained in the actual system,
and they can be expressed as the item g(x, t) and ξ (t). So the
nonlinear system proposed in this paper can be described as
Eq.1.
Remark 2: The upper bound Ki2 can be chosen as one,

if the value Ki2 is greater than one, through the normalization
processing, the formula |Ki2| < 1 is right.
Remark 3: The nonlinear term g(x, t) satisfies local Lips-

chitz condition, in the actual engineering system, the global
Lipschitz condition can not be satisfied easily, but by the
dealing of linearization or mathematical transforming, the
local Lipschitz condition can be realized easily.
For the nonlinear system with multiple faults shown in

the formula (1), considering the constraints that the actuator
is restricted by saturation, in order to obtain the suitable
control performance of tracking, the controller algorithm is
designed as the following program. First the extended system
is built according to the given tracking control objective and
original system, and the original system with multiple faults
can be transformed into the extended system with actuator
fault. Then the convex group method is introduced to tackle
the saturation, this measure can make sure the actuator will
work in the bound and avoid saturation. Finally the adaptive
estimate item related to the actuator fault is combined in the
fault tolerant control, and the linear matrix inequalities are
used to obtain the calculated algorithm for the controller. The
fault tolerant control design block is shown in Fig1, and the
flow chart of proposed method in this paper is shown in Fig2.

FIGURE 1. The design program of controller.

In Figure 1, yd stands for the given control objective. L
denote the gainmatrix of controller, and it can be expressed as
L =

[
L1 −L2

]
. K̂ is the designed control law for estimating

the actuator faults. The objective of fault tolerant control
design is that the output y can reach the given value yd under
multiple faults. In figure2, the whole flow chart of proposed
controller is shown, and the fault tolerance control input is
described in the figure.

Pay attention to the block shown in Figure1, the fault diag-
nosis item is not contained in the controller design obviously,
but contained in the adaptive law design, so the fault diagnosis
and fault tolerant control are combined together, and the
integrated controller algorithm is provided.

III. THE INTEGRATED ACTIVE FAULT TOLERANT CONTROL
DESIGN COMBINING ADAPTIVE ESTIMATED ALGORITHM
According to the nonlinear system shown as (1), define η

as the following formula η =
∫ t
0

(
yd (τ ) − y(τ )

)
dτ , and the

e1 stands for e1 = yd − y, then the derivative of η can be
expressed as η̇ = yd − Cx−Df s(t). Under these conditions,
the integrated active fault tolerant controller is shown as
formula(2), and the controller is designed on the state and
output vector,

u = K̂−1L1η − K̂−1L2x (2)

where L1,L2 are the designed gain matrix, K̂ stands for the
actuator estimation, the detailed design algorithm will be
provided later. As the estimates K̂ is contained in control
input u, so the controller can be called as integrated active
fault tolerant controller. In addition, define new vector ς and
L, and the detailed information are shown as ς =

[
xT ηT

]T
and L =

[
L1 −L2

]
. Under this description, combining the

formula shown in formula (1) and (2), the original system can
be transformed to the following extended system shown in
formula(3),

ς̇ = Āς + B̄Ksat
[
K̂−1Lς

]
+ G(Wς , t) + F̄d(t) (3)

where Ā =

[
A 0

−C 0

]
;B̄ =

[
B
0

]
;G(Wς , t) =

[
g(x, t)

0

]
,

W =
[
I 0

]
. As the item of g(x, t) is the Lipschitz non-

linearity, so the nonlinear item G(Wς , t) contains is also
the Lipschitz nonlinearity, and it satisfies the inequality
∥G(Wς , t)∥ ≤ ψg ∥ς∥, where 9g is the Lipschitz constant,

¯F =

[
F 0 0
0 I −D

]
, d(t) =

 ξ (t)
yd
f s(t)

.

The control objective is that the output vector yd can track
the command output yd , under the design of control input
matrix L1 and L2, the adaptive law K̂ . The adaptive term K̂
is designed to estimate the actuator faults K ,considering the
value of K is bounded, so the project law is absorbed for the
adaptive term design, the detailed design procedure of K̂ is
shown in the following.

Considering the saturation of actuator, combining the con-
clusion proposed in paper [27], the linear convex group is
absorbed to describe the saturated nonlinearity sat (u), which
is convenient for fault tolerant control design. Based on this,
we first give the definition of convex group description.
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FIGURE 2. The design flow chart of proposed controller.

Definition 1: 1 are the diagonal matrices with m row and
m column, and the item of diagonal line is one or zero, obvi-
ously, 2m elements are contained in the matrices1, define the
ith matrix as 1i, and i ∈ ℵ {0, · · · , 2m − 1},we can find i =

z12m−1
+z22m−2

+· · ·+zm, where zj ∈ {0, 1}, in this case, the
elements of diagonal line are {1 − z1, 1 − z2, · · · , 1 − zm},
define 1−

i = Im×m − 1i, it is obviously that 1−

i ∈ 1.
In order to illustrate the definition 1, we can take the case

m = 2 as an example to illustrate it. When the case i = 0 is

correct, then we can find z1 = 0, z2 = 0 and 10 =

[
1 0
0 1

]
.

When the case i = 1 is correct, then we can find z1 = 0,

z2 = 1 and 11 =

[
1 0
0 0

]
.

Under the above description, Lemma 1 related with satu-
ration is proposed as follows.
Lemma 1: For the given matrices G,H ∈ Rm×n, if x ∈

4(H) is satisfied, then sat(Gx) ∈ co{
1iGx+ 1−

i Hx, i ∈ [0, 2m − 1]
}
is also satisfied, where co

is the convex description. Under this assumption, there are ηi,

where ηi ≥ 0, i ∈ [0, 2m − 1], and satisfy
2m−1∑
i=0

ηi = 1, which

make the saturation sat(Gx) can be described as follows,

sat(Gx) =

2m−1∑
i=0

ηi(1iG+ 1−

i H)x (4)

We can find in the Lemma 1, for the saturated item sat (u),
if the auxiliary matrix H satisfy

∣∣∣K̂−1Hς

∣∣∣
j

≤ 1,where j =

1, . . . ,m, then the extended system(3) can be transformed as
follow,

ς̇ =

2m−1∑
i=0

ηi

(
Ā+ B̄KK̂

−1
(1iL+ 1−

i H)
)

ς

+ G(Wς , t) + F̄d(t) (5)

where 1 are the diagonal matrices with m row and m column
in formula (5), and the matrix 1i and 1−

i can be obtained
through the description shown in definition 1, ηi shown in for-
mula (5) can be obtained through the following formula (6).

ηi =

m∏
j=1

[
zj(1 − µj) + (1 − zj)µj

]
(6)

where i = z12m−1
+ z22m−2

+ · · · + zm,

µj

=


1, when λ1j Lς = λ1jHς

sat
[
K̂−1
j λ1j Lς

]
− K̂−1

j λ1jHς

K̂−1
j λ1j Lς − K̂−1

j λ1jHς
, other .

Besides, the adaptive estimation law K̂ = diag{
K̂1, . . . , K̂m

}
is shown as follows,

˙̂K j = Proj[Ki1,Ki2]σj

=


0, when K̂j = Ki1, σj ≤ 0;
or K̂j = Ki2, σj ≥ 0
σj, others.

(7)

where Proj stands for project law, which can make the fault
estimation K̂ j project to the range [Ki1,Ki2]. σj is shown as
follows,

σj = ρjK̂−1
j ςTPB̄jλ1j

2m−1∑
i=0

ηi(1iF+1−

i H)ς (8)

where σj represent the adaptive controller gain designed, ρj
stands for adaptive gain constant, the matrix B̄ is shown as
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B̄ = [b1, · · · , bm], and B̄j =
[
0, · · · , bj, · · · , 0

]
, λ1j is a row

vector where the jth value is one, and the other is zero. Mean-
while, define the matrix K̃ = K̂ − K = diag

{
K̃1, · · · , K̃m

}
,

as the i th fault value K i is unknown, so we can get the
conclusion ˙̂K j =

˙̃K j.

Considering the constraints
∣∣∣K̂−1Hς

∣∣∣
j

≤ 1, and define

the new matrix H̄ = K̂
−1
H , then we can obtain a linear

polyhedron invariant set of several, the detailed mathematical
description is shown as follows,

4
(
H̄ j

)
=

{
ς ∈ Rn+p

∣∣∣∣(H̄ j)ς
∣∣ ≤ 1, j = 1, · · ·m

}
(9)

Define a positive definite matrix P ∈ R(n+p)×(n+p), and
a new invariant set �(P, 1), the detailed information of
�(P, 1) is shown as follows,

�(P, 1)

=

ς ∈ Rn+p

∣∣∣∣∣∣ςTPς +

m∑
j=1

K̃2
j

ρj
≤ 1,P = PT > 0


(10)

For the extended system(5), the goal of active fault tolerant
control design is shown in the following. Designing the gain
matrices L,H and adaptive law K̂ , make sure the original sys-
tem asymptotically stable, meanwhile, the system output can
track the given value yd under multiple faults existing. So the
following issue is to provide the detailed design method for
gain matrix L and H , and the detailed information are shown
in part 4.

IV. THE CALCULATING ALGORITHM OF CONTROLLER
WITH LINEAR MATRIX INEQUALITY
Theorem 1: If there are positive define matrix Q ∈

R(n+p)×(n+p), feasible matrix LQ ∈ Rm×(n+p) and HQ ∈

Rm×(n+p), given positive constant γ , the following linear
matrix inequality exists, (11) and (12), as shown at the bottom
of the next page, meanwhile, the adaptive law K̂ is calculated
as (7) and (8), then the closed loop system (5) is asymptotic
stable, and the system matrix is shown as P = Q−1, L =

LQP, H = HQP.
Prove,define as 0 = V̇ + ςTς − γ 2dT d , while V (t) is

shown as V (t) = ςTPς +

m∑
j=1

K̃2
j
ρj
, while V (t) = ςTPς +

m∑
j=1

K̃2
j
ρj
,as �(P, 1) ⊂ 4

(
H̄ j

)
, the derivative of V (t) is shown

as follows,

V̇ (t) = 2ςTP

[
2m−1∑
i=0

ηi

(
Ā+

¯BKK̂−1(1iL+ 1−

i H)
)

ς

+G(wς , t) + F̄d(t)

]

+ 2
m∑
j=1

K̃j
˙̂Kj
ρj

(13)

As KK̂
−1

= Im − K̃K̂
−1

, then the conclusion shown in
formula (13) can be transformed as follows,

V̇ (t)

= 2ςTP

[
2m−1∑
i=0

ηi

(
Ā+ B̄(Im − K̃K̂

−1
)(1iL+ 1−

i H)
)

ς

+G(wς , t)

]

+ 2ςTPF̄d(t) + 2
m∑
j=1

K̃j
˙̂Kj
ρj

(14)

Combining the conclusion of 2ςTPG(wς , t) ≤ ςT(
ψ2
gP

2
+ I

)
ς , then the form shown in (14) can be trans-

formed as follows,

V̇ (t)

≤ ςT


2PB̄

2m−1∑
i=1

ηi(1iL+ 1−

i H)ς +

(
ψ2
gP

2
+ I

)
−2PB̄

2m−1∑
i=0

ηiK̃K̂
−1

(DiF+ D−

i H) + PĀ+ ĀTP

 ς

+ 2ςTPF̄d(t) + 2
m∑
j=1

K̃ j
˙̂K j

ρj
(15)

Combining the adaptive law of ˙̂K j and conclusion shown
in (7)(8), then we can obtain,

V̇ (t) ≤ ςT

PĀ+ ĀTP + ψ2
gP

2
+ I

+2PB̄
2m−1∑
i=0

ηi(1iL+ 1−

i H)ς

 ς

+ 2ςTPF̄d(t) (16)

For the given value γ , if the inequality of ∥ς∥2 <

γ ∥d(t))∥2 is satisfied, then we can obtain the following
formula,

0 ≤ ςT

PĀ+ ĀTP + ψ2
gP

2
+ I

+2PB̄
2m−1∑
i=1

ηi(1iL+ 1−

i H)

 ς

+ 2ςTPF̄d(t) + ςTς − γ 2dT d (17)

Further more, the above formula (17) can be transformed
as follows,

0 ≤
[
ςT dT (t)

]


2PB̄
2m−1∑
i=1

ηi(1iL+ 1−

i H)

+ψ2
gP

2
+ 2I + PĀ+ ĀTP

PF̄

(
PF̄

)T
−γ 2I


×

[
ς

d(t)

]
(18)

According to the conclusion shown in (18), define 2 =
2PB̄

2m−1∑
i=1

ηi(1iL+ 1−

i H) + ψ2
gP

2
+ 2I

+PĀ+ ĀTP
PF̄

(
PF̄

)T
−γ 2I

,
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Suppose 2 < 0, then combining the conclusion provided
in the lemma of Schur, and the conclusion can be obtained
shown in (11).
In order to make the control input in the range of 4

(
H̄ j

)
,

in other words, for any given extended state ς , define
�0 (P, 1) =

{
ς ∈ Rn+p; ςTPς ≤ 1

}
, and we can find that

�(P, 1) ⊂ �0 (P, 1), so as long as the form �0 (P, 1) ⊂

4
(
H̄ j

)
exist, so only if the following formula exists,[

1 (K̂−1)jHQ

HT
Q(K̂

−1)Tj Q

]
> 0, j = 1, · · · ,m (19)

For the adaptive law K̂−1, we can define a set related with
it, the detailed information is shown in (20),

ϒ
def
=

{
2i

∣∣2i
= diag {φ1, · · · , φm} , φj = K−1

j ,

i = 0, 1, · · · , 2m−1, j = 1, · · · ,m

}
(20)

As the set ofϒ satisfy the characteristic of convex, so there

are βi ≥ 0, the equation of
2m−1∑
i=0

βi = 1 exists, and the adap-

tive law K̂−1 can be expressed as K̂−1
=

2m−1∑
i=0

βi2
i, thus the

jth column of K̂−1 is described as (K̂−1)j =

2m−1∑
i=0

βi(2i)j =

2m−1∑
i=0

βiφjλ
1
j , and then the form of (19) can be described as

follows,
1 (

2m−1∑
i=0

βiφjλ
1
j )jHQ

HT
Q(

2m−1∑
i=0

βiφjλ
1
j )
T
j Q


=

2m−1∑
i=0

βi

[
1 φjλ

1
jHQ

(φjλ1jHQ)T Q

]
> 0, j = 1, · · · ,m

(21)

Analysis the conclusion shown in (21), and the constraints
of (12) can be obtained.
From the above analysis, we can find, through designing

the fault tolerant controller, the extended system is asymp-
totic stable in the invariant set of �(P, 1), and the invariant
set can be described as fault tolerant attraction region. One
goal of fault tolerant control design is to maximize the
attraction region, in order to realize the objective, first we

define the new invariant set XR which is described as XR ={
ς ∈ Rn+p; ςTRς ≤ 1

}
, we can maximize the attraction

region of fault tolerant control, and obtain the best control
performance. Then, to obtain the solve of (11) and(12), the
following optimization problem can be obtained through con-
vex optimization,

min1
/
α2

s.t



[
R

/
α2 I
I Q

]
> 0;

Q > 0,R > 0;

formula(11)(12).

(22)

where R is the chosen positive definite matrix. From the
prove process of Theorem1, we can find, for the extended
system (5), combining the convex description of nonlinearity,
designing the adaptive law shown as (7) and (8), and the fault
tolerant controller as (22), and then we can get the gain L
as L = LQP, then the extended system will be asymptotic
stable in the invariable set �(P, 1) and obtain the satisfied
fault tolerant control performance.
Remark 4: The relational parameters in the fault tolerant

controller contain the matrices P,H,L. First by solv-
ing the optimization problem shown in formula(22), the
matrices Q,LQ,HQ can be received, then, the matrices
P,H,L can be gotten. Besides, the parameter ρj is cho-
sen according to the specific case, in common between
0 and 1.

V. NUMERICAL EXAMPLE
In order to illustrate the effectiveness of proposed method
proposed in this paper, we take the model of multi-effector
aircraft with wing canard presented in paper [28] as an exam-
ple, the simulation will be carried on. Firstly, linearization
and reduced order dealing will be taken, when the state value
of plane is shown as H = 3000m, Ma = 0.22, and we can
obtain the system state model which can be described as (1),
while x stands for x = [αβpqr]T , where α, β, p, q, r repre-
sents for angle of attack, angle of sideslip, roll rate, pitching
angle rate and yaw angle rate respectively. The control inputs
are described as u = [δc δre δle δr ]T , and δc, δre, δle, δr
stands for wing canard, right elevon, left elevon, and rudder
control inputs, the detailed system matrices are shown as

 ĀQ+ QĀ
T

+ B̄(1iLQ + 1−

i HQ) + (1iLQ + 1−

i HQ)T B̄T + ψ2
g I Q F̄

Q −
1
2 I 0

F̄T 0 −γ 2I

 < 0;

i = 0, 1, · · · , 2m−1 (11)[
−1 −φjλ

1
jHQ

−(φjλ1jHQ)T −Q

]
< 0, j = 1, · · · ,m (12)
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FIGURE 3. The angle of attack response of the fault tolerant controller.

FIGURE 4. Angle of sideslip response of the fault tolerant controller.

follows,

A =


−0.5432 0.0137 0 0.9778 0

0 −0.1179 0.2215 0 −0.9661
0 −10.5128 −0.9967 0 0.6176

2.6221 −0.0030 0 −0.5057 0
0 0.7075 −0.0939 0 −0.2127

 ,

B =


0.0069 −0.0866 −0.0866 0.0004

0 0.0119 −0.0119 0.0287
0 −4.2423 4.2423 1.4871

1.6532 −1.2735 −1.2735 0.0024
0 −0.2805 0.2805 −0.8823

 ,

C =

 1 0 0 0 0
0 1 0 0 0
0 0 1 0 0


Besides, the disturbances matrix F is five identity matrix,

the upper bounds of actuators deflecting are described as
δc ∈ [−55◦, 25◦], δre ∈ [−30◦, 30◦], δle ∈ [−30◦, 30◦],
δr ∈ [−30◦, 30◦]. The reference output is designed as
r(t) = [α, β, p],and the command output α(t) is described

FIGURE 5. Roll rate response of the fault tolerant controller.

FIGURE 6. The angle of attack response of PI controller.

FIGURE 7. The roll rate response of PI controller.

as αd =


0◦, t < 5s
4◦, 5 ≤ t < 40s
0◦, t ≥ 40s

, the command output β(t) is

described as 0, the command output p(t) is described as

pd =


0◦/s, t < 10s
30◦/s, 10 ≤ t < 40s
0◦/s, t ≥ 40s

. Suppose the disturbances are

the Gaussian white noise with amplitude of 1, for the above
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FIGURE 8. Wing canard of the fault tolerant controller.

FIGURE 9. Right elevon of the fault tolerant controller.

FIGURE 10. Left elevon of the fault tolerant controller.

planemodel, we suppose the wing canard actuating efficiency
reduce 50% at the time of 15 second, besides, the left elevon
actuating efficiency reduce 40% at the time of 25 second,
according to the conclusion shown in (11)(12), combining
the tools of linear matrix inequality in Matlab, we can obtain
the parameter and matrices of integrated active fault tolerant
controller, the detailed information are shown in the equation
at the bottom of the next page.

FIGURE 11. Rudder of the fault tolerant controller.

Through the above system design and analysis, we can
obtain angle of attack, sideslip angle, roll angle response
curves, and they are shown in fig3,4,5. Analyzing the angle
of attack response which has been shown in fig3, we can find
when the wing canard lose the actuating efficiency partly,
in the beginning, the angle of attack will wave in short time,
and the wave amplitude is less than 0.01o, then, it will return
to command output of 4◦ in less than one second. Similarly,
through analyzing the results shown in fig4, we can find
when the left elevon actuating efficiency reduce partly at the
time of 25 second, the roll rate will wave in short time and
return to the command value in less than 2 seconds. Combing
the analysis of simulation results shown in fig3,4,5. We can
find when the actuators of airplane emerge partly efficiency
loss, through designing the integrated active fault tolerant
controller, the attitude angle and angle rate will track to the
command output, meanwhile, we can find, the noises and
disturbances will not affect the system output, and these show
the controller will have good robust performance.

In order to illustrate the effectiveness of fault tolerance
controller proposed in this paper, the comparison will be
carried on between the fault tolerance controller and PID
controller. The angle of attack response of PID controller is
shown in Fig.6, We can find, when the wing canard actuator
work normally, under the reaction of PID controller, the angle
of attack can reach to the command value, but when the
wing canard actuator break in the 15 second, the angle of
attack can not maintain in the command value, and occur
chattering. This shows the PID controller for the aircraft can
not realize satisfied results. Fig.7 shows the roll rate response
of PI controller. It is obvious that the roll rate does not reach to
the command valuewhen faults takes place, and the command
control results can not be realized in the PID controller.

Besides, through simulation, we obtain the actuator
response, the wing canard, right elevon, left elevon and rudder
actuator angle response are shown in Fig8-11. Through ana-
lyzing the results shown in Fig8-11, we can find the actuator
response will be in saturated range, and the actuator response
is suitable for actual characteristic, these results show the
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FIGURE 12. Pitch angle rate response of the fault tolerant controller.

FIGURE 13. Yaw angle rate response of the fault tolerant controller.

integrated fault tolerant controller presented in this paper can
realize satisfied control results.

Meanwhile, through the simulation, we can obtain the pitch
angle and yaw angle rate response shown in Fig12 and Fig13.
Analyzing the results shown in Fig12 and Fig13, we can find,
when the wing canard and left elevon faults of efficiency loss
occur, the pitch angle and yaw angle rate will return to normal
response under the fault tolerant controller.

In the foregoing description, the little fault type of actuator
efficiency reducing is considered, next a serious fault type

FIGURE 14. The angle of attack response of the fault tolerant controller
under serious fault.

FIGURE 15. The roll rate response of the fault tolerant controller under
serious fault.

will be provided to demonstrate the effectiveness of fault
tolerant controller. we suppose the wing canard actuating
efficiency reduce 80% at the time of 15 second, and the
left elevon actuating efficiency reduce 60% at the time of
25 second, in this case, the angle of attack and roll rate
responses are shown in Fig. 14,15. Analyzing the results
shown in Fig14 and Fig15, we can find, when the wing canard
and left elevon serious faults of efficiency loss occur, the

L =


15.81 0 0 −1.02 0 −26.16 0.01 0
31.22 −4.62 0.55 −0.16 1.02 −51.04 3.79 −1.47
31.22 4.60 −0.55 −0.16 −1.01 −51.04 −3.72 1.46
0 −17.41 −0.13 0 3.88 0 15.73 −1.95



P =



0.11 0 0 0 0 −0.17 0 0
0 8.67 0.03 0 0.05 0 −7.73 1.11
0 0.03 0.11 0 0 0 −0.04 −0.17
0 0 0 0.11 0 0 0 0
0 0.05 0 0 0.06 0 −0.04 0

−0.17 0 0 0 0 3.51 0 0
0 −7.73 −0.04 0 −0.04 0 10.08 −0.69
0 1.11 −0.17 0 0 0 −0.69 3.71


.
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pitch angle and yaw angle rate will return to normal response
under the fault tolerant controller, and these demonstrates,
even when the challenging scenarios of serious faults occur,
the fault tolerant controller proposed in this paper can achieve
statisfied control results.

VI. CONCLUSION
The active fault tolerant controller is proposed in this paper,
which is used for the system with actuator saturation and
multiple faults. Firstly, taking the sensor faults as one part of
extended vector, and the original system is transformed to the
nonlinear systemwithmultiple actuator faults, and it will sim-
ply the controller design procedure. Then, to the deal with the
saturation, the items of convex group description are absorbed
in the controller design, and these will make sure the control
input avoid saturation, besides, the integrated fault tolerant
controller with adaptive faults estimate is proposed, and the
calculating algorithm of controller is proposed through linear
matrix inequality. Finally, a numerical example is proposed
to validate the effectiveness of the method presented in this
paper. Here we only solve the fault-tolerant control of nonlin-
ear system with saturation and multiple faults. Many issues
have not been considered, such as when the nonlinear item
g(x,t) does not satisfy global Lipschitz condition, how to
build the controller, etc. These will be our future research
directions.
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