
Composite Structures 110 (2014) 325–334
Contents lists available at ScienceDirect

Composite Structures

journal homepage: www.elsevier .com/locate /compstruct
On the vibration control capability of shape memory alloy composite
beams
0263-8223/$ - see front matter � 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.compstruct.2013.12.002

⇑ Corresponding author. Tel.: +98 21 64543429; fax: +98 21 66419736.
E-mail address: aghdam@aut.ac.ir (M.M. Aghdam).
A.R. Damanpack, M. Bodaghi, M.M. Aghdam ⇑, M. Shakeri
Thermo-elasticity Center of Excellence, Department of Mechanical Engineering, Amirkabir University of Technology, Tehran, Iran
a r t i c l e i n f o

Article history:
Available online 21 December 2013

Keywords:
Shape memory alloys
SMA composite beams
Material and geometrical non-linearity
Active/passive vibration control
a b s t r a c t

In this paper, the vibration control capability of shape memory alloy (SMA) composite beams subjected to
impulsive loads is examined. In order to simulate the SMA response, a one-dimensional constitutive
model is introduced which is able to reproduce pseudo-elasticity, martensite transformation/orientation
and in particular ferro-elasticity effects. A numerical algorithm is presented to solve non-linear SMA con-
stitutive model by means of an elastic-predictor inelastic-corrector return map procedure. The equivalent
single layer theory of Rayleigh–Euler–Bernoulli is used to describe displacement field of SMA laminated
composite beams. Geometrical non-linearity is also considered in the von Karman sense. Considering
rotary inertia effects, finite element equations of motion are developed using the Hamilton principle.
Newmark and Newton–Raphson methods are utilized to obtain an incremental solution of the problem.
Extensive numerical results are presented to provide an insight into the influence of pre-strain, temper-
ature, location and thickness of SMA layers on the vibration control of SMA composite beams subjected to
various blast pulses. Considering ferro-elasticity effect, results reveal the fact that SMA layers with high
pre-strain have a passive vibration control capability in low temperatures and yield a better efficiency in
comparison with pseudo-elastic SMA layers.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Smart hybrid composites with either embedded or surface
mounted shape memory alloy (SMA) components such as fibers,
wires, ribbons and thin films have proved to be unique material
systems that provide tremendous potential for creating new para-
digms for material–structural interaction [1,2]. SMAs are materials
capable of undergoing large recoverable strains in the order of 10%
while producing hysteresis. This unique behavior is a result of the
so-called martensitic phase transformation between austenite (A)
and martensite (M) in response of stress and/or temperature
changes [2]. Furthermore, each martensitic crystal formed can
have a different orientation direction, called a variant. The assem-
bly of martensitic variants may exist in two different forms:
multiple-variant martensite or twinned martensite (Mt) and
single-variant martensite or detwinned martensite (Md). At high
temperatures, SMAs may recover large deformations during
mechanical loading–unloading patterns (pseudo-elasticity, PE). At
low temperatures, a mechanical loading–unloading results in a
residual strain which can be recovered by thermal loadings (shape
memory effect, SME) or by applying a stress with opposite sign
(ferro-elasticity, FE).
In the last two decades, considerable attention has been
devoted into developing macroscopic phenomenological SMA
constitutive models to predict main features of SMA under
thermo-mechanical loadings. These models are generally suitable
for engineering applications due to their simplicity and compatibil-
ity with numerical methods, but they can only describe the global
thermo-mechanical response while all microscopic details are
ignored. One of the first one-dimensional (1-D) phenomenological
models for SMAs was presented by Tanaka [3]. He considered
exponential functions to describe phase transformations between
detwinned martensite and austenite. Liang and Rogers [4] pre-
sented an alternative evolution law for the martensite volume
fraction based on cosine functions. A major shortcoming for
proposed models in [3,4] is that they are not able to simulate
martensite orientation process which is responsible for the SME
in low temperatures. Brinson [5] separated martensitic volume
fraction into martensitic volume fractions induced by temperature
and stress to include the effect of the martensite orientation.
She developed a 1-D SMA constitutive equation and presented
cosine phase transformation equations which can reproduce
martensite transformation/orientation. Boyd and Lagoudas [6]
developed a three-dimensional (3-D) constitutive model to simu-
late PE and SME. They used the volume fraction of martensite as
internal variable and a transformation evolution equation to con-
nect it with the transformation strain. Lagoudas et al. [7] provided
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a unified framework for the earlier models of Tanaka [3], Liang
and Rogers [4], and Boyd and Lagoudas [6]. It should be mentioned
that the proposed models in [3–7] are not able to simulate
ferro-elasticity at low temperatures. Recently, Panico and Brinson
[8] proposed a 3-D macroscopic phenomenological model which
accounted for the effect of multiaxial stress states and non-
proportional loading histories. Their model is able to reproduce
main aspect of SMAs such as pseudo-elasticity, ferro-elasticity
and martensite transformation/orientation/reorientation.

In recent years, some research works have been focused on the
static and dynamic control of structures using SMA components. In
the field of static analysis, Marfia et al. [9] investigated the static
behavior of elastic beams with two integrated SMA layers under
different thermo-mechanical loadings. They developed three finite
element models based on the Euler–Bernoulli, Timoshenko, and
layerwise theories to analyze SMA composite beams under ther-
mo-mechanical static loads. Liew et al. [10] presented a numerical
simulation for the pseudo-elastic behavior of a single SMA beam
subjected to thermo-mechanical static loads using 3-D SMA consti-
tutive model proposed by Boyd and Lagoudas [6]. They developed
an explicit incremental displacement-based element-free Galerkin
formulation by introducing moving least squares shape functions
and continuum tangent stiffness tensors into a weak form of equi-
librium equation in the referential configuration.

In the field of dynamic analysis, Gilat and Aboudi [11] investi-
gated the dynamic response of plates, consisting of active poly-
meric/metallic matrices composites with embedded SMA fibers
under a suddenly applied thermal loading using 3-D SMA model
of Lagoudas et al. [7]. The effects of SMA thin films embedded in
composite plates for improving damage resistance of composite
structures under low velocity impact were numerically examined
by Kim et al. [12]. 3-D SMA model proposed by Lagoudas et al.
[7] was used to simulate the response of SMA thin films and was
implemented using the user defined material subroutine of the
ABAQUS/Explicit finite element program. Non-linear free vibration
and damping of a clamped–clamped composite beam containing
SMA wires with different pre-strains embedded in the mid-surface
were investigated by Rezaei et al. [13]. 1-D Brinson model for SMA
wires and Euler–Bernoulli beam theory for the displacement field
were adapted and Galerkin method together with Runge–Kutta
scheme was employed to solve the non-linear problem. Recently,
dynamic response of a sandwich beam with SMA wire reinforced
hybrid composite face sheets and flexible core was analyzed by
Khalili et al. [14]. 1-D Brinson equation was employed to simulate
pseudo-elastic behavior of SMA wires and a finite element method
was developed to solve the non-linear governing equations.

The literature survey reveals that researchers generally em-
ployed either 1-D Brinson model [5] or 3-D model proposed by
Lagoudas and co-workers [6,7] to predict SMA responses. However,
as a stated above, these models are not able to reproduce ferro-
elasticity effect of SMAs, which is responsible for accurate predic-
tion of pre-strained SMA behavior under tension–compression
stress at low temperatures. Therefore, the low temperature SMA
response in the vibration control analysis of mechanical structures
seems to be missing in the open literature.

The main objective of the present study is to address the geo-
metrically non-linear vibration control of elastic beams subjected
to the blast loads with integrated SMA layers in low and high tem-
peratures. The equivalent single layer theory of Rayleigh–Euler–
Bernoulli and von Karman geometrical non-linearity are used to
describe displacement and strain fields of the SMA laminated com-
posite beams. In order to predict SMA behavior, the 3-D Panico–
Brinson model [8] is employed and simplified to the 1-D case.
Analytical description of the 1-D SMA constitutive equation is pre-
sented. The model is able to simulate pseudo-elasticity, martensite
transformation/orientation and in particular the ferro-elasticity
effects. Considering rotary inertia effects and using the Hamilton
principle, an SMA composite beam element is first developed
which is subsequently extended to the finite element equations
of motion. Due to the phase transformation of SMA and conse-
quently its material non-linearity, the equations of motion of
SMA composite beam are coupled with the phase transformation
kinetics of SMAs. Newmark and Newton–Raphson techniques
along with a numerical algorithm are used to obtain an incremen-
tal solution of the coupled problem. In order to validate the pro-
posed 1-D SMA model, the numerical results of partial uniaxial
tension tests at different temperatures are compared with experi-
mental data in the literature which show excellent correlations.
After validation, a set of parametric study is performed to examine
the influence of pre-strain, temperature, location and thickness of
SMA layer on the transient response of SMA composite beams sub-
jected to various blast pulses. Numerical results reveal that SMA
layers with high pre-strain have a passive vibration control capa-
bility in low temperatures and lead to a better performance com-
pared to the pseudo-elastic SMA layers.

2. Theoretical formulations

2.1. 1-D SMA constitutive model

In the present work, thin SMA layers are employed to control
structure response. To simulate 1-D SMA behavior, the 3-D macro-
scopic phenomenological constitutive model recently proposed by
Panico and Brinson [8] is recast to the 1-D uniaxial tension–com-
pression case. The present model is developed within the theory
of irreversible thermodynamics in the realm of a small-strain
regime.

The total martensite fraction, n, can be expressed as the sum of
temperature-induced and stress-induced parts:

n ¼ nT þ nS; 0 6 n 6 1 ð1Þ

where nT denotes the fraction of the material that is purely temper-
ature-induced martensite with multiple variants, and nS represents
the fraction of the material that has been transformed by stress into
a single martensitic variant.

A general assumption of additivity of total strain can be adopted
in the form:

e ¼ ee þ etr ð2Þ

where ee represents the elastic strain and etr denotes an inelastic
strain due to the phase transformation from austenite or twinned
martensite which is not associated to any macroscopic strain to
the detwinned martensite associated to a macroscopic strain. More-
over, considering eL as the maximum transformation strain reached
at the end of the transformation during a uniaxial tension test, one
requires:

0 6 jetr j 6 eL ð3Þ

where eL can be regarded as a material parameter. Since eL is the
amount of strain associated with the detwinned martensitic variant,
then etr can be related to the volumetric fraction nS of such a variant
by:

jetrj ¼ nSeL ð4Þ

The increment of detwinned martensite fraction can be written
from Eq. (4) as:

_nS ¼ _etrsgnðetrÞ=eL ð5Þ

where sgn(�) denotes signum function.
Considering the elastic strain ee and the absolute temperature, T,

as control variables together with nT and nS as internal variables,
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the following classical expression for the Helmholtz free energy
function of the three-phase system is obtained as:

wðee; T; nS; nTÞ ¼
1

2q
Ese2

e þ uA
0 � TsA

0 þ nTðTDs0 � Du0Þ

þ nShTDs0 � Du0i þ ct½T � T0 � T lnðT=T0Þ�

þ 1
2

HSn
2
S ð6Þ

where q is the material density, Es is the elasticity modulus as-
sumed to be the same for all phases. The energy and entropy differ-
ences Du0 ¼ uA

0 � uM
0 and Ds0 ¼ sA

0 � sM
0 have been adopted where uA

0

and uM
0 are the specific free energies of austenite and martensite,

respectively, and sA
0 and sM

0 are the specific entropies of austenite
and martensite. uM

0 and sM
0 are considered to be the same for both

detwinned and twinned martensite. Also, ct is the specific heat at
constant volume, and T0 is the equilibrium temperature between
parent and product phases. Moreover, HS is a material parameter
which governs the initial hardening during phase transformation.
It should be mentioned that, in the energy contribution deriving
from nS the MacCauley bracket is introduced which calculate the
positive part of its argument and defined as hxi = (x + |x|)/2.

Following standard arguments [15], the constitutive equations
can be extracted from Helmholtz free energy function (6) accord-
ing to the second law of thermodynamics as:

r ¼ Esðe� etrÞ ð7aÞ

XS ¼ rsgnðetrÞ �
qDs0

eL
hT � Du0=Ds0i �

qHS

eL
nS ð7bÞ

XT ¼ �
qDs0

eL
ðT � Du0=Ds0Þ ð7cÞ

where r is the stress, while XS and XT are driving forces associated
respectively to the detwinned and twinned martensite fractions.

For the internal variables nS and nT, limit functions are intro-
duced as:

FS ¼ XSsgnðXSÞ � Yf=r
S ðnSÞ

FT ¼ XT sgnðXT Þ � Yf=r
T ðnT ;rÞ

ð8Þ

where Yf =r
S ðnSÞ and Yf =r

T ðnT ; rÞ are functions that direct kinetics of
mechanically and thermally induced forward/reverse phase trans-
formations, respectively. Finally, the consistency parameters and
the limit functions satisfy the classical Kuhn–Tucker conditions as:

FS 6 0 _nS ¼ or–0; FS
_nS ¼ 0

FT 6 0 _nT ¼ or–0; FT
_nT ¼ 0

ð9Þ

Motivated by the experimental/numerical tests [8,16], the
kinetics of stress-induced forward/reverse phase transformations
can be written in an exponential form as:

Yf=r
S ðnSÞ ¼

Yf
S0 1þ 1

n lnð1� nSÞ
� �

þ Yf
S1 � 1

n lnð1� nSÞ
� �

for _nS > 0

Yr
S0 � 1

n lnðnSÞ
� �

þ Yr
S1 1þ 1

n lnðnSÞ
� �

for _nS < 0

(
ð10Þ

where Yf=r
S0 and Yf=r

S1 are respectively the values of Yf =r
S at nS = 0 and

nS = 1, related to the beginning and end of transformation. Since
the exponential formulae become singular at nS = 0 and 1, the quan-
tities nS = 1 � e�n and nS = e�n are given for the complete martensitic
and austenitic states, respectively. The unknown positive parameter
n can be determined according to a digit approximated for zero. In
the present work, n = 7 is used which leads to the approximation
0.001 for zero.

The temperature-induced transformation kinetics, Yf=r
T , can be

also described through the following function [8]:
Yf=r
T ðnT ; rÞ ¼

qcf

eL
nT for _nT > 0

Yr
T0
eL
þ jrj þ qcr

eL
ð1� nTÞ for _nT < 0

8<: ð11Þ

where cf =r and Yr
T0 are coefficients that describe the kinetics of ther-

mally induced forward/reverse phase transformations.
Finally, in order to update the transformation strain, the time-

discrete system of equations can be written as:

I :

r� Esðe� etrÞ ¼ 0
ðetr � e0

trÞ � ðnS � n0
S ÞsgnðetrÞeL ¼ 0

XS ¼ rsgnðetrÞ � qDs0
eL
hT � Du0=Ds0i � qHS

eL
nS

FS ¼ XSsgnðXSÞ � Yf =r
S ðnSÞ 6 0

Kuhn—Tucker condition : FS 6 0; ðnS � n0
S Þ ¼ or –0; FSðnS � n0

S Þ ¼ 0

8>>>>>>><>>>>>>>:
ð12aÞ

II :

XT ¼ � qDs0
eL
ðT � Du0=Ds0Þ

FT ¼ XT sgnðXT Þ � Yf=r
T ðnT ;rÞ 6 0

Kuhn—Tucker condition : FT 6 0; ðnT � n0
TÞ ¼ or –0; FT ðnT � n0

TÞ ¼ 0

if nS þ nT > 1) _nT ¼ � _nS

8>>>>><>>>>>:
ð12bÞ

in which backward-Euler integration scheme was used to discretize
the evolution equation. The system of equations I is uncoupled from
II and system of equation II can be computed after solving I and
specifying r and nS. In order to solve non-linear system of equation,
an elastic-predictor inelastic-corrector return map algorithm can be
implemented [17]. It should be mentioned that in the case of etr = 0,
it is not possible to create martensite phase. To remove this failing,
sgn(etr) can be replaced by sgn(r).

The parameters cf ; cr ;Yr
T0 and Du0 can be obtained in terms of

Ds0 and four characteristic temperatures by applying the Kuhn–
Tucker condition on thermally induced forward/reverse phase
transformations at zero stress as:

cf ¼ Ds0ðM0
s �M0

f Þ
cr ¼ Ds0ðA0

f � A0
s Þ

Yr
T0 ¼ qDs0ðA0

s �M0
s Þ

Du0 ¼ Ds0M0
s

ð13Þ

In a similar way, by considering an applied stress, the Kuhn–Tucker
condition on thermally induced reverse phase transformation yields
to the slope of transformation line to austenite in the uniaxial phase
kinetics diagram as:

CA ¼ qDs0=eL ð14Þ

By knowing the parameter Ds0 through entropic consideration
and the mass density q, Eq. (13) allows determination of
cf ; cr ;Yr

T0 and Du0 as a function of the characteristic temperatures.
The parameter eL can be easily found from a uniaxial pseudo-elastic
test while HS and the kinetics parameters Yf

S0;Y
f
S1;Y

r
S0 and Yr

S1 are
calibrated in order to replicate the SMA hardening behavior during
forward and reverse phase transformations.

2.2. Kinematics and constitutive relations

In the present research, the transient response of isotropic elas-
tic beam subjected to the transverse impulse loads is controlled
using SMA materials. To this end, SMA material in the form of layer
is bonded on the surface or embedded in the elastic matrix which
leads to the SMA composite beams. Consider a general three lay-
ered beam with the length L and width b consisting of two isotro-
pic layers and an SMA layer embedded into the structure, as
depicted in Fig. 1. By ignoring the top or bottom elastic layer, the
case of SMA bonded on the surface of elastic beam is achieved.



Fig. 1. Geometry and dimensions of an SMA laminated composite beam (ISO–SMA–
ISO).
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The thickness of the SMA, top and bottom layers are given as hs, ht

and hb, respectively. Cartesian coordinate system (x, z) is located on
the mid-plane of structure where x is the beam axial direction,
whereas z denotes the upward transverse direction. In Fig. 1, the
abbreviation ISO represents isotropic layer and will be used
henceforth.

Since the main purpose of the present analysis is to control the
global dynamic response of thin SMA composite beams under blast
loads, the equivalent single layer theory of Rayleigh–Euler–
Bernoulli is used. The Rayleigh–Euler–Bernoulli laminated beam
theory provide a sufficiently accurate description of global
response for thin laminated structures [18,19]. Also, this beam model
takes into account the effects of rotary inertia which is responsible
for an accurate prediction of high frequency responses [19,20].

Based on the equivalent single-layer theory of Rayleigh–Euler–
Bernoulli, the displacement components of a material point within
the thin SMA composite beam domain in Cartesian coordinates
system may be expressed as follows:

�uðx; z; tÞ ¼ uðx; tÞ � zw0ðx; tÞ
�wðx; z; tÞ ¼ wðx; tÞ

ð15Þ

where �uðx; z; tÞ and �wðx; z; tÞ are displacements of an arbitrary point
of the beam along the x and z directions, respectively, and u and w
are the displacements of the mid-surface of the beam which are
functions of x only. Also, the prime on a variable indicates its deriv-
ative with respect to x.

Assuming small strain and moderate rotation, the non-linear
strain–displacement relation in von Karman sense can be ex-
pressed as:

e ¼ �u0 þ 1
2

w0
2 ð16Þ

Hooke law for the elastic layer can be written as:

r ¼ Eee ð17Þ

where Ee is the elasticity modulus of isotropic elastic medium.

2.3. Variational formulation

In this section, variational formulation for an SMA composite
beam element is developed. In order to derive the governing equa-
tions of motion and boundary conditions for the smart composite
beam, the Hamilton principle is utilized as:Z t1

t0

ðdK � dU þ dWexÞdt ¼ 0 ð18Þ

where d denotes the variation operator and [t0, t1] describes arbi-
trary time interval. Also, dK denotes the virtual kinetic energy and
dU is the virtual strain energy stored in the element due to actual
stress r in moving through the virtual strain de. Furthermore, dWex

is the work done by externally applied loads in moving through
their respective virtual displacements.

The kinetic energy by considering rotary inertia effects and
strain energy of the SMA composite beam can be written as:

dK ¼ �
Z

Ve

qeðd�uT €�uþ dwT €wÞdVe �
Z

Vs

qsðd�uT €�uþ dwT €wÞdVs ð19aÞ

dU ¼
Z

Ve

deTredVe þ
Z

Vs

deTrsdVs ð19bÞ

where the superscript T denotes transpose, while the superposed dot
represents differentiation with respect to time. Also, Ve and Vs indi-
cate the element volume related to SMA and elastic media, respec-
tively. By considering the definition of stress in SMA and elastic
media from Eqs. (7a) and (17), the strain energy can be rewritten as:

dU ¼
Z

Ve

EedeTedVe þ
Z

Vs

EsdeTedVs �
Z

Vs

EsdeTðetr � e0ÞdVs ð20Þ

where e0 is the initial martensitic residual strain along the x direc-
tion (pre-strain) in the SMA medium.

The external work done by the distributed transverse load q(x)
and the generalized nodal forces including external axial (Pj, Pj+1)
and transverse shear (Vj, Vj+1) forces and bending moment (Mj, -
Mj+1) on the first (j) and end (j + 1) nodes of the element can be de-
fined as:

dWex ¼
Z

l
dwT qðxÞdxþ duT

j Pj þ duT
jþ1Pjþ1 þ dwT

j Vj

þ dwT
jþ1Vjþ1 þ dhT

j Mj þ dhT
jþ1Mjþ1 ð21Þ

where uj, wj and uj+1, wj+1 are axial and transverse displacements of
the first and the end nodes of the element while parameter h refers
to �w0.

2.4. Finite element model

The weak form of the equations of motion of SMA composite
beam element presented in previous section is used here to devel-
op the finite element formulation. To this end, the axial displace-
ment u(x,t) and transverse deflection w(x,t) are interpolated as:

uðx; tÞ ¼
X2

i¼1

uiðtÞuiðxÞ; wðx; tÞ ¼
X4

i¼1

wiðtÞwiðxÞ ð22Þ

where ui are the linear Lagrange interpolation functions, and wi are
the Hermite cubic interpolation functions [21]. Also, ui and wi rep-
resent mechanical nodal values.

Using the proposed function for displacement field components,
these quantities can be expressed in terms of mechanical nodal
variables as:

�u ¼ Nðx; zÞuEðtÞ
w ¼MðxÞuEðtÞ

ð23Þ

where N and M are the element shape function vectors, and uE is
the vector of element nodal variables defined as:

uE ¼ fuj wj hj ujþ1 wjþ1 hjþ1 gT ð24Þ

According to the strain–displacement relation (16), the strain
field of the SMA composite beam element can be rewritten as:

e ¼ N0uE þ
1
2
ðM0uEÞ

2 ¼ �Nðx; z;uEÞuE ð25Þ

The variation of the strain can be also expressed as:

de ¼ ~Nðx; z;uEÞduE ð26Þ
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Using the displacement and strain fields in the discretized form
(23), (25), and (26), the kinetic and strain energies of the SMA com-
posite beam element can be rewritten as:

dK ¼ �duT
E

R
Ve

qeðN
T NþMT MÞ€uEdVe � duT

E

R
Vs

qsðN
T NþMT MÞ€uE dVs

dU ¼ duT
E

R
Ve

Ee
~NT NuEdVe þ duT

E

R
Vs

Es
eNT NuEdVs � duT

E

R
Vs

Es
eNT ðetr � e0ÞdVs

ð27Þ

It should be noted that the transformation strain etr is
variable through the x and z directions. However, it is assumed that
etr to be constant along the SMA element length while the
Gauss–Legendre numerical integration rule is utilized to evaluate
the through-the-thickness integral consists of etr.

By substituting the kinetic and strain energies (27) and the
external virtual work (21) into the Hamilton principle (18), the
governing equations of motion are obtained as:

ME €uE þ KEðuE;uÞE ¼ fs
Eðetr;uEÞ þ fE ð28Þ

where

ME ¼
Z

Ve

qeðN
T NþMT MÞdVe þ

Z
Vs

qsðN
T NþMT MÞdVs ð29aÞ

KE ¼
Z

Ve

Ee
eNT NdVe þ

Z
Vs

Es
eNT NdVs ð29bÞ

fs
E ¼

Z
Vs

Es
eNTðetr � e0ÞdVs ð29cÞ

fE ¼
Z

l
MT qðxÞdxþ fPj Vj Mj Pjþ1 Vjþ1 Mjþ1gT ð29dÞ

Eq. (28) is the non-linear governing equation of SMA composite
beam element. Finally, Eq. (28) can be utilized to generate global
finite element vectors and matrices by assembly and imposition
of boundary conditions which results in:

M€uþ KðuÞu ¼ fsðetr;uÞ þ f ð30Þ

Eqs. (12) and (30) show that the governing equations of motion
of SMA composite beam and the phase transformation kinetics are
coupled together, which makes the problem to be more compli-
cated. This system of equations will be solved for the dynamic
analysis of SMA composite beams in the next section.

2.5. Time-discrete frame and solution algorithm

In this section, the coupled governing equations of the present
problem described in previous sections in particular Eqs. (12)
and (30) are solved to analyze the dynamic behavior of SMA com-
posite beams under impulsive loads. To this end, the Newmark di-
rect integration method [21] is employed to discretize the
governing equations of motion (30) in the time domain which
leads to a system of non-linear algebraic equations. The resulted
non-linear equations are then solved using the Newton–Raphson
iterative method [21] while the quantity of inelastic transforma-
tion strain in Eq. (30) is updated through SMA constitutive equa-
tions (12) in every step of the solution. The numerical solution
procedure can be summarized as:

(1) Data predictor: uðnþ1Þ ¼ uðnÞ; fsðnþ1Þ ¼ fsðnÞ
; fðnþ1Þ.

(2) Compute uðnþ1Þ; _uðnþ1Þ; €uðnþ1Þ by solving the equations of
motion.

If the prescribed tolerance is satisfied then n?n + 1 and go to
step (1). Else:
(a) Check transformation/orientation:
(I) No. Elastic step: update u(n+1); fs(n+1) and then return to step

(2).
(II) Yes. According to the fixed strain transformation, compute

SMA internal variables and inelastic transformation strain
and update u(n+1); fs(n+1) and then return to step (2).

2.6. Transverse blast loads

Some commonly time-dependent impulsive loads, as presented
in Fig. 2, are considered. The definition of transverse blast loads
V(t) in the time domain is summarized as:

ðaÞ Rectangular pulse : VðtÞ ¼
V 0 6 t 6 s
0 tau < t

�
ð31aÞ

ðbÞ Half-sine pulse : VðtÞ ¼
V sinðpt=sÞ 0 6 t 6 s
0 s < t

�
ð31bÞ

ðcÞ Incremental pulse : VðtÞ ¼
Vt=s 0 6 t 6 s
0 s < t

�
ð31cÞ

ðdÞ N-shaped pulse : VðtÞ ¼
Vð1� t=sÞ 0 6 t 6 rs
0 rs < t

�
ð31dÞ

in which V is the magnitude of the imposed transverse impulse load
and s denotes the loading duration. It is worth mentioning that so-
nic boom effect could be modeled as an N-shaped pulse described
as Eq. (31d). Parameter r in Eq. (31d) denotes the shock pulse length
factor. For r = 1, the N-shaped pulse degenerates into a triangular
pulse, for r = 2, a symmetric sonic boom pulse is obtained whereas
r – 2 corresponds to an asymmetric N-shaped pulse.

3. Numerical results and discussion

In this section, capabilities of the present 1-D SMA model are
first examined to simulate experimental results available in the
open literature. After validating the proposed SMA model, to assess
the performance of SMA layers in controlling the non-linear tran-
sient response of elastic beams under blast loads, extensive numer-
ical results are presented. Unless otherwise stated, in all the
simulations discussed in this section, the SMA material is assumed
to be initially in parent phase (nS = nT = 0) for temperatures T P M0

s .

3.1. SMA model predictions

In order to examine capability of the developed 1-D model in
reproducing main features of SMAs, the experimental data avail-
able at Roundrobin SMA modeling website [16] are employed and
compared with the present numerical results in Fig. 3. This figure
explores the stress–strain response of an NiTi wire under uniaxial
partial tension test at different temperatures. The material
parameters defined in the present model are calibrated to match
the uniaxial stress–strain response as illustrated in Fig. 3 and to-
gether with the transformation temperatures are listed in Table 1
for case A. As can be seen in Fig. 3a, the specimen in the temper-
ature 253 K is first loaded to achieve 4% strain and then unloaded
which leads to a residual strain at the end of the first cycle. Once
again, the load increases up to 8% strain. Finally, unloading to zero
stress yields to a residual strain. Similar processes are adapted as
shown in Fig. 3b and c, respectively, for temperatures 283 K and
293 K but unloading stage in the first cycle is restricted to 2%
strain. Fig. 3 reveals that the main features of SMA wire is well
simulated in capturing martensite transformation, internal loops
induced by partial loading–unloading and pseudo-elastic
response.



(a) Rectangular pulse (b) Half-sin pulse (c) Incremental pulse (d) N-shaped pulse 

Fig. 2. Load pulse shapes.

Fig. 3. Model predictions compared to the experiment [16] for partial tension test at different temperatures.

Table 1
SMA material parameters used in the numerical tests.

Parameter Case A Case Ba Unit

E 40,000 68,400 MPa
m 0.33 0.36 –
q 6500 8000 kg/m3

eL 0.060 0.038 –
Du0 11,585 14,725 J/kg
Ds0 46.15 47.50 J/kgK
HS 9.23 100 J/kg

Yf
S0

240 88.92 MPa

Yf
S1

379 173.44 MPa

Yr
S0 45 90 MPa

Yr
S1 26 91.05 MPa

Yr
T0 1.5 2.66 MPa

cf 92.31 190 J/kg
cr 184.61 95 J/kg

M0
f

249 306 K

M0
s

251 310 K

A0
s

256 317 K

A0
f

260 319 K

a Adapted from Ref. [8].
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Based on the present SMA model, the behavior of an SMA spec-
imen under simple tension–compression test at different tempera-
tures is illustrated in Fig. 4. SMA material properties and
Fig. 4. Stress–strain response for an SMA specimen under uni
characteristic temperatures are given in Table 1 for the case B,
adapted from Ref. [8]. Fig. 4a shows that the residual strain ob-
tained after the first unloading to zero stress is rather significant
at temperature 310 K which is equal to martensite start tempera-
ture. At a higher temperature 318 K, which is higher than austenite
start temperature and lower than austenite finish temperature, the
residual strain decreases as shown in Fig. 4b. This residual strain
vanishes at 325 K which is above the austenite finish temperature
and the SMA exhibits pseudo-elastic response, see Fig. 4c. It can be
observed in Fig. 4a and b that the residual strain obtained from the
first tensile loading–unloading stage is recovered by applying a
stress with opposite sign (i.e., compressive stress). This phenome-
non refers to the ferro-elasticity effect of SMAs. Finally, Fig. 4 indi-
cates the model capability to reproduce martensite transformation
and ferro-elasticity as found in Fig. 4a and b and pseudo-elastic re-
sponse as shown in Fig. 4c.

In the next section, it would be found that the modeling of fer-
ro-elasticity effect of SMAs is an important key feature to introduce
SMA materials for the purpose of passive vibration control
strategy.

3.2. Dynamic analysis of SMA composite beam

In order to analyze geometrically non-linear transient response
of SMA composite beams under impulsive loads, a fully clamped
composite beam with length 200 mm, width 20 mm and total
axial tension–compression test at different temperatures.



Fig. 5. The time-histories of the central deflection (a), detwinned martensite fraction at top point of beam mid-span (b) and detwinned martensite fraction at bottom point of
beam mid-span (c) for an SMA beam at different temperatures.

(a) T =310 K

(b) T =315 K

(c) T =317 K

(d) T =325 K

Sξ

Fig. 6. Distribution of detwinned martensite fraction in SMA domain related to
Fig. 5 at t = 15 ms in the undeformed body.

Fig. 7. The time-histories of the central deflection (a), detwinned martensite fraction at to
beam mid-span (c) for an SMA beam with different initial values of detwinned martens
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thickness H = 5 mm is considered. It is assumed that the elastic
layer is made of Aluminum (Ee = 70 GPa, qe = 2707 kg/m3). The
material properties of the SMA are listed in Table 1 for the case
B. In order to active the SMA layer, SMA is only heated and its tem-
perature is uniformly raised [2]. On the other hand, it is assumed
that the temperature of elastic layers remains in the reference tem-
perature as a generally well-known assumption since the effect of
elevated SMA temperature on adjacent elastic layers is negligible
[2,22]. In all dynamical simulations, unless otherwise stated, it is
assumed that the structure is subjected to an incremental impulse
point load with the magnitude of 200 kN and loading duration
s = 1 ms which is imposed upward on the center of the structure.
Moreover, in all computations, 50 elements in the axial direction
with 5 through-the-thickness Gauss points pre element were used
to obtain the converged results up to four significant digits.

Fig. 5 illustrates the central transverse displacement and
detwinned martensite fraction time histories of a single SMA beam
at different temperatures. Fig. 5b and c shows that detwinned mar-
tensite fractions at top and bottom surfaces have no identical value
at loading step which is due to the geometrical non-linearity. As
shown in Fig. 5a, the temperature has a significant effect on the re-
sponse of the SMA beam so that high permanent displacement re-
mains in the structure after unloading at temperatures below A0

f .
p point of beam mid-span (b) and detwinned martensite fraction at bottom point of
ite fraction.



s(a) = 0.00ξ

s(b) = 0.25ξ

s(c) = 0.50ξ

s(d) = 0.75ξ

s(e) = 1.00ξ

Sξ

Fig. 8. Distribution of detwinned martensite fraction in SMA domain related to
Fig. 7 at t = 15 ms in the undeformed body.
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However, it is seen that the vibration amplitude of the SMA beam
at temperature above A0

f reduces in the free motion regime (t > s).
Fig. 5 reveals that the time histories of transverse displacement
and detwinned martensite fraction of the SMA beam have an active
influence on damping of the structure response while the SMA
phase is transformed. Due to this fact, the damping effect of SMA
materials disappears when no phase transformation occurs.

2-D contour plots of the detwinned martensite fraction of
SMA beam related to Fig. 5 is depicted in Fig. 6 at t = 15 ms in
the undeformed body. It can be concluded from Figs. 5 and 6 that
the reverse phase transformation does not complete at low tem-
peratures so that it leads to residual inelastic strain and reduction
of SMA damping effect. Finally, it is found that maximum damping
capacity of SMA materials with initial austenite phase can be
achieved at high temperatures so that the final phase coincides
on the initial phase.

The effect of pre-strain on the response of a single SMA beam is
analyzed in Figs. 7 and 8. In order to achieve a pre-strain, the SMA
Fig. 9. Uniaxial stress–strain response of an SMA composite beam (ISO–SM
beam initially in austenite phase is first loaded in the axial direc-
tion and then unloaded and constrained by edge supports.

Fig. 7 illustrates the time histories of the transverse displace-
ment and detwinned martensite fraction at the center of SMA
beam with different pre-strains at temperature 310 K. As can be
found from Fig. 7b, during the forced motion regime (t < s), the
SMA beams except fully martensitic SMA beam undergo forward
phase transformation at top surface due to the high tensile stress
at this point. On the other hand, Fig. 7c reveals that the SMA
beams except fully austenitic SMA beam experience initially
reverse phase transformation at bottom surface due to the pres-
ence of compressive stress at this point which refers to SMA
ferro-elasticity effect. Therefore, it can be found that the model-
ing of ferro-elasticity effect is essential to accurately predict
the SMA response when the pre-strained SMA layers undergo a
compressive stress. As can be found from Fig. 7c, detwinned
martensite at the bottom surface of SMA beams with initial
detwinned martensite fraction of 0.25 and 0.5 has a decreasing-
increasing trend in the forced motion regime. In fact, detwinned
martensite at the bottom surface is first reduced by developing
the compressive stress and then it increases due to the presence
of tensile stress at this point since all beam section is stretched
in large deformation regime. As can be seen from Fig. 7a, in the
free motion regime (t > s), the oscillation amplitude of SMA
beams, unlike elastic beams, does not only depend on the dis-
tance from the equilibrium condition at end of forced motion
range (t = s). Fig. 7b shows that the high value of pre-strain has
a significant effect on the dynamic response and damping of
SMA beams at low temperatures. This figure reveals that the
use of SMA layers with initial detwinned martensite fraction
more than or equal to 0.75 can result in damping of structure
response in low temperatures. In fact, continuous transformation
between martensite and austenite, as shown in Fig. 7b and c, pro-
duces hysteresis loops and dissipates mechanical energy while
reduces vibration amplitude. This phenomenon is detected for
the first time and not hitherto reported in the open literature.
Since this phenomenon occurs in low temperatures and requires
no electrical current to induce thermally driven transformation, it
can be assigned to passive vibration control capability of SMAs
rather than their active vibration control ability in high temperatures.

Finally, it is worth comparing Figs. 5a and 7a, which shows that
the damping effect of SMA beam initially in detwinned martensite
phase at low temperatures is more than that of SMA beam initially
in austenite state at high temperatures.

Fig. 8 illustrates 2-D contour plots of the final detwinned mar-
tensite fraction of SMA beam related to Fig. 7 at t = 15 ms in the
undeformed body. Figs. 7b, 7c and 8 show that the phase transfor-
mation does not continuously occur at low pre-strains which leads
A–ISO) under tension–compression test at different SMA temperatures.



Fig. 10. Central deflection time-history of an SMA composite beam with various lamination schemes at different SMA temperatures.

A.R. Damanpack et al. / Composite Structures 110 (2014) 325–334 333
to residual inelastic strain and affects SMA damping performance.
The presented results in Figs. 7 and 8 reveal that maximum damp-
ing capacity of the SMA material at low temperatures is achieved
for high value of pre-strain so that the final phase coincides on
the initial phase.

In the following, the behavior of SMA composite beams consist
of SMA and elastic layers are investigated under various static and
dynamic loadings.

Fig. 9 depicts the simulation of uniaxial stress–strain response
of a composite beam with the laminate stacking sequence of
ISO–SMA–ISO and different SMA temperatures T ¼ M0

s and
T > A0

f . The results are presented for different thickness ratios
while the total thickness remains constant. Fig. 9 reveals that,
although SMA and ISO layers have a close elasticity modulus, ISO
Fig. 11. Central deflection time-history of an SMA composite beam (SMA–ISO) subjected
pulse (r = 2).
layers have a dominant role on the behavior of the composite
beam. This is due to the fact that, replacing SMA material with
ISO material descends considerably the plateau phenomenon and
consequently the inelastic strain of the structure.

The effect of arrangement of SMA and ISO layers on the tran-
sient response of SMA composite beams with constant total thick-
ness is investigated in Fig. 10 for two different SMA temperatures.
It is assumed that all layers have an identical thickness in each spe-
cific arrangement. As explored from the presented results in Figs. 5
and 7, the single SMA layers initially in fully detwinned martensite
and austenite states have a maximum damping capacity in low and
high temperatures, respectively. Due to this fact, SMA layers re-
lated to the present example are considered to be initially in
detwinned martensite and austenite phases at temperatures
to: (a) rectangular pulse, (b) half-sin pulse, (c) triangular pulse (r = 1), (d) N-shaped
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310 K and 325 K, respectively. The primary inference drawn from
Fig. 10 is SMA–ISO beam has a larger vibration amplitude in
the forced motion range compared to ISO–SMA beam. When the
impulsive load is imposed upward on the structure center, the
SMA layer bonded on the top surface of elastic beam experiences
tensile stress during the forced motion regime. On the other hand,
in ISO–SMA structure, the SMA layer installed on the bottom sur-
face of elastic beam undergoes first compressive and then tensile
stress states due to the large deformation regime. A similar behav-
ior was observed for fully SMA beams in Fig. 7. The difference in
SMA stress state affects the phase transformation and conse-
quently the structure response. As can be found from Fig. 10,
inducing a larger stress in SMA layer of SMA-ISO beam increases
considerably the plateau phenomenon and consequently the struc-
ture response softens more in comparison with ISO-SMA beam.
Fig. 10 indicates that composite beams with surface-bonded SMA
layers have a maximum deflection time-history in the forced mo-
tion range (t < s) while embedding the SMA layer into the structure
leads to minimum deflection time-history in this interval. On the
other hand, however, it is found that the mentioned arrangements,
respectively, lead to minimum and maximum deflection time-his-
tories in the free motion range (t > s). It can be concluded from
comparing Fig. 10a and 10b that the composite beams with fully
detwinned martensite SMA layers in the low temperature have a
more damping capacity than those with fully austenite SMA layers
in the high temperature. A similar conclusion was also achieved for
single SMA beams as presented in Figs. 5a and 7a. These observa-
tions are detected for the first time and can be used as benchmark
in the field of passive vibration control in future studies.

The time history of central deflection of composite beams with
staking sequence of SMA–ISO subjected to different time-depen-
dent blast pulses with loading duration 3 ms are demonstrated in
Fig. 11. It is assumed that SMA layers at temperature 310 K can
be initially in detwinned martensite or austenite phase. The pre-
sented results in Fig. 10 for incremental pulse and in Fig. 11 for
other types of pulses indicate that SMA layers with conditions of
nS = 1, T = 310 K; nS = 0, T = 310 K and nS = 0, T = 325 K yield to min-
imum, intermediate and maximum deflection time histories in the
free motion regime. It can be found that the passive vibration con-
trol strategy can play more effective role toward damping out the
oscillations of the structure exposed to blast loads.

4. Conclusion

The present research was dedicated to study the vibration con-
trol capability of SMAs in the layer form at low temperatures. SMA
layers were integrated to elastic beams subjected to blast loads for
the vibration control strategy. The 3-D macroscopic phenomeno-
logical model proposed by Panico and Brinson [8] was used and re-
cast to 1-D SMA model. Accordingly, a time-discrete counterpart of
the non-linear 1-D SMA model was introduced, integrating the
flow rule using an implicit backward-Euler scheme. Afterwards,
the solution of the discrete model was performed by an elastic-pre-
dictor inelastic-corrector return map procedure. The equivalent
single layer theory of Rayleigh–Euler–Bernoulli with capability of
simulating rotary inertia effects together with von Karman geo-
metrical non-linearity were used to develop the finite element
equations of motion for SMA composite beams utilizing the
Hamilton principle. Due to the phase transformation of SMAs, the
equations of motion of SMA composite beams were highly coupled
with the 1-D SMA constitutive model. The non-linear governing
equations of motion were solved by using Newmark and
Newton–Raphson methods and quantities including inelastic
transformation strain were updated through SMA constitutive
equations in every step of the solution. In the numerical results
and discussion section, the accuracy of the proposed 1-D SMA
model was first verified through comparative study between the
present model and experimental data on the partial uniaxial ten-
sion tests at different temperatures which revealed excellent
correlations. Then, a set of parametric study was carried out to
show the influence of pre-strain, temperature, location and
thickness of SMA layers on the vibration control of elastic beams
subjected to various blast pulses. The presented results reveal
that the modeling of SMA ferro-elasticity feature is an essential
tool for an accurate prediction of behavior of pre-stained SMA
layers at low temperatures. It is concluded that SMA layers with
high pre-strain at low temperatures have a passive vibration
control capability and yield a better efficiency in comparison with
pseudo-elastic SMA layers. This phenomenon is detected for the
first time which may be found useful for studies in the field of
active/passive vibration control.
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